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Abstract 

In 1962 Posa conjectured that every graph G on n vertices with minimum degree 
^{G) ^ contains the square of a hamiltonian cycle. In 1996 Fan and Kierstead 
proved the path version of Posa's Conjecture. They also proved that it would suffice 
to show that G contains the square of a cycle of length greater than |n. Still in 1996, 
Komlos, Sarkozy, and Szemeredi proved Posa's Conjecture, using the Regularity and 
Blow-up Lemmas, for graphs of order n > no, where uq is a very large constant. Here 
we show without using these lemmas that no := 2 x 10^ is sufficient. We are motivated 
by the recent work of Levitt, Szemeredi and Sarkozy, but our methods are based on 
techniques that were available in the 90's. 

1 Introduction 

The square of a graph H is obtained by joining all pairs {x,y} C V{H) with distance 
dist{x, = 2 in H. If if is a path (cycle) then is called a square path (cycle). Now fix a 
graph G = {V, E) on n vertices. We say that f i . . . f ^ is a square path (cycle) in G if Vi . . . Vt 
is a path (cycle) in G and its square is contained in G. In 1962 Posa [5] conjectured: 

Conjecture 1. Every graph G with S{G) > contains a hamiltonian square cycle. 

During the 90's there were numerous partial results on Posa's conjecture. Here we review 
a number that have a direct impact on this paper. Fan and Kierstead [HI H E] proved 
the following three theorems. The first is a connecting lemma that immediately yields an 
approximate version of Posa's conjecture. 
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Theorem 2 (Fan and Kier stead [6]). For every e > there exists a constant m such that 
for every graph G with S{G) > (| + £)\G\ + m and every pair Ci, 62 of disjoint ordered edges, 
G has a hamiltonian square path starting with Ci and ending with 62- In particular, G has a 
hamiltonian square cycle. 

We shall need two ideas from this paper — weak reservoirs^ and optimal square paths and 
cycles — which will be presented in the next section. Roughly, given a graph G on n vertices, 
a weak reservoir is a small fraction R of the vertex set V{G) such that \N (1 R\ ~ |A^||-R|/n 
for any neighborhood := N{v). Weak reservoirs were used to connect long square paths 
contained in V{G) \ R. The second theorem is a path version of Posa's Conjecture. 

Theorem 3 (Fan and Kierstead [7]). Every graph G with 5{G) > ^^"^j""^ contains a hamil- 
tonian square path. 

The third theorem shows that V{G) can be partitioned into at most two square cycles. 

Theorem 4 (Fan and Kierstead |i8j). Suppose G is a graph with 6{G) > IIG]. If G has a 
square cycle of length greater than then G has a hamiltonian square cycle. Moreover, 
V{G) can be partitioned into at most two square cycles, each of length at least 

The proofs of Theorems [3] and H] are based on optimal paths and cycles, but do not use 
weak reservoirs. Theorem H] is essential to this paper, because it allows our constructions to 
terminate as soon as we get a square cycle of length greater than 

Next came a major breakthrough. Komlos, Sarkozy and Szemeredi proved their famous 
Blow-up Lemma |13| . and used it and the Regularity Lemma jT9] to prove: 

Theorem 5 (Komlos, Sarkozy and Szemeredi [12]). There exists a constant uq such that 
every graph G with \G\ > uq and 5{G) > ^\G\ has a hamiltonian square cycle. 

Their proof has the following structure. First they determine extremal configurations 
that are very close to being counterexamples, but because of the tightness of the degree 
condition, cannot achieve this status. (For example, if the independence number a{G) > ^\G\ 
then G does not have a hamiltonian square cycle, but then also does not satisfy 6{G) > 
Moreover if G has an almost independent set of size almost ^IGI and S{G) > '^\G\, 
then we will see that G does have a hamiltonian square cycle.) Next they proved that if 
IGI is sufficiently large, S{G) > and G has an extremal configuration, then G has a 

hamiltonian square cycle. When there are no extremal configurations, the Regularity Lemma 
imposes a pseudo random structure on the graph that can be exploited, using this lack of 
extremal configurations and the Blow-up Lemma, to construct a hamiltonian square cycle. 
The use of the Regularity Lemma causes the constant no to be extremely large. 

Very recently Rodl, Rucinski and Szemeredi have made another important advance [T6| 
[T7] . They proved the following version of Dirac's Theorem for 3-uniform hypergraphs (3- 
graphs). An open chain P := V1V2V3 . . . Vs-2Vs-iVs in a 3-graph i^^ is a sequence of distinct 

^The term reservoir is not mentioned in [6], and the modifiers weak, strong and special are our own 
invention. However, in light of more recent papers this terminology provides a consistent transition (see 
Definition El). 
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vertices such that ViVi^iViJ^2 ^ E{H) for all i G [s — 2]; P is a closed chain if in addition 

Vs^iVsVi,VsViV2 e E{H). 

Theorem 6 (Rodl, Rucihski and Szemeredi [H]). There exists an integer Uq such that for 
every 3-graph H on at least uq vertices, if every pair of vertices of H is contained in at least 
l^\H\\ edges of H then H contains a hamiltonian closed chain. 

The remarkable proof is very long, but has a similar structure to the proof of Theorem |5l 
However, a major difference is that the non-extremal case does not use any version of the 
Blow-up Lemma, and regularity (weak hypergraph regularity) is only used in a quite generic 
way to construct various strong reservoirs — weak reservoirs with no extreme sets. The Blow- 
up Lemma is replaced by a construction based on an ingenious absorbing path lemma, and 
a connecting lemma, that uses the strong reservoir. 

Levitt, Sarkozy and Szemeredi [H] applied similar techniques to the non-extremal case of 
Posa's Conjecture without using the Regularity Lemma, and thus proved the result for much 
smaller graphs than those considered in Theorem [5l 

Here we show that Posa's Conjecture holds for graphs of order at least 2 x 10^ without 
using the Regularity-Blow-up method. In addition, our proof of the extremal case holds for 
all n. We were influenced by the ideas of Pj, but only rely on results from [HI El E], and 
the idea from [12] of dividing the problem into an extremal case and a non-extremal case. 
We avoid the Blow-up Lemma and absorbing paths by using Theorem |H Our approach is 
explained fully in the next section. 

Notation 

Most of our notation is consistent with Diestel's graph theory text [3]. In particular note 
that P" is a path on n edges, |G| = ||G|| = \E{G)\, and d{v) is the degree of the 

vertex v. For A, B C V{G), let \\A,B\\ = \E{A,B)\, where E{A,B) is the set of edges with 
one end in A and the other in B, in particular we shall write \\a, B\\ if A = {a}. We also use 
II A, P|| to denote the number of edges in the complement of G that have one end in A and 
the other in B. For oi, 02, . . . , G V{G), let N{ai, 02, ... , a^) = N{ai) n N{a2) ■ ■ ■ fl N{ak)- 

2 Main theorem and proof strategy 

Here is our main result: 

Theorem 7. Let G be a graph on n vertices with n > uq := 2 x 10^. If 5{G) > |n, then G 
has a hamiltonian square cycle. 

In this section we organize the structure of the proof. The first step is to define a usable 
extremal configuration. Our choice is simpler than the choice in [9], which was much simpler 
than the several extremal configurations used in [12]. A priori, this makes the extremal case 
easier and the non-extremal case harder. 
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Definition 8. Let G be a graph on n vertices. A set S" C V{G) is a- extreme \i\S\ > (1 — q;)| 
and \\v, S\\ < a| for all v ^ S. 

The proof divides into two parts, depending on whether G is ^-extreme, i.e., contains 
an a-extreme set with a : = ^ . The extreme case is handled in Section HI where we prove 
the following theorem without assuming anything about the order of G. Its proof only 
requires elementary graph theory. Notice that — E{Kt+i) demonstrates that the degree 

condition is tight. 

Theorem 9 (Extremal Case). Let G be a graph on n vertices with S{G) > ^n. If G has a 

■^-extreme set, then G has a hamiltonian square cycle. 

The non-extremal case is more complicated. In Section [3] we will prove: 

Theorem 10 (Non-extremal Case). Let G he a graph on n vertices with S{G) > |n and 
n > Uq := 2 X 10*. If G does not contain a -^-extreme set, then G has a hamiltonian square 
cycle. 

Note that if G has an a-extreme set S C V{G) for some a < then S* is a ^-extreme 
set. This explains why we only consider ^-extreme sets in Theorems P and [TUl 

The proof of Theorem [TUl has three parts. First we use the Reservoir Lemma (Lemma [2^ 
to construct a special reservoir R with \R\ < |n. Then we use the Path Cover Lemma 
(Lemma [23]) to construct two disjoint square paths Pi, P2 in G — R such that |Pi| -f- IP2I > 
using techniques and results from Finally, we use the properties of the special reservoir 

R, together with our version of the Connecting Lemma (Lemma f2T\i . to connect the ends 
of Pi to the ends of P2 by disjoint square paths in R so as to form a square cycle of length 
greater than |n. Thus by Theorem H] we obtain a hamiltonian square cycle. 

2.1 Reservoirs and the Connecting Lemma 

The bottleneck in this line of attack is in determining properties for special reservoirs that 
are strong enough to prove the Connecting Lemma, yet weak enough to ensure the existence 
of special reservoirs in moderately sized graphs. In the process of constructing a connecting 
square path we need to know that certain subsets of the reservoir are nonextreme. Since it 
is too expensive to ensure that all subsets are nonextreme, we anticipate a limited collection 
of special subsets that might appear in this construction, and construct a reservoir with no 
extreme special sets. 

Definition 11. A set S" C V{G) is special if there exist (not necessarily distinct) vertices 
u, V, w,x,y & y{G) such that S = {N{u, v, w) U N{u, v, x)) fl N{y). 

A set S of size at least (1 — a)^ that is not a-extreme has at least one vertex with "large" 
degree to S, but we will need more than one vertex of "large" degree, so we define a more 
general notion of extremity. 
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Definition 12. Let G be a graph with n vertices. A set S" C V{G) is {a, fi)- extreme if 
15*1 > (1 — a + and there are fewer than \p^\ vertices v E S such that ||f , S\\ > a|. 

So a set S of size at least (1 — a + that is not (a, /3)-extreme has at least [/S^J 
vertices with "large" degree to S. In the non-extremal case we know that G contains no 
a-extreme sets, but we must ensure for the Connecting Lemma that the reservoir has no 
(a', /3')-extreme special sets. So we use the following simple observation when constructing 
the reservoir. 

Lemma 13. Let G he a graph on n vertices and let > 0. If G has no a-extreme sets 
and S C V{G) with 15*1 > (1 — a + , then S is not (a, /3)-extreme. 

Proof. Suppose S is [a, (3) -extreme and let S' = {v E S : \\v,S\\ > Since 5* is {a, 13)- 

extreme, we have \S'\ < [/3fJ. Thus \S\S'\ > (l-a)f and < af for alU; G S\S', 

contradicting the fact that G has no a-extreme sets. □ 

Here are the technical definitions of (e, g)-weak, (a, e, f))-strong and (a, /3, e, ^)-special 
reservoir. 

Definition 14 (Reservoir). Let G be a graph on n vertices. Let 1 > g > and e > 0. An 

(e, g)-weak reservoir is a set i? C V{G) such that \R\ = Ign] and for all u G V{G), 

(;M_,)|«|<||„,«||<(M + ,)i«i. 

An {a, e, g) -strong reservoir is an (e, g)-weak reservoir R such that G[R] has no a-extreme 
sets. 

An (a, (3, e, g) -special reservoir is an (e, g)-weak reservoir R such that for all special sets 
S CV{G), SnRisnot {a, /3)-extreme in G[R]. 

A routine application of Chernoff 's bound yields (e, g)-weak reservoirs R in moderately 
large graphs. The reason for this is that we have only polynomially many conditions to 
preserve. A similar observation allows us to construct (a, (3, e, g)-specia\ reservoirs. However 
this standard approach fails for (a, e, f))-strong reservoirs, because there are exponentially 
many conditions to check. 

A connecting lemma should state that any two disjoint ordered edges in V{G) \ R can 
be connected by a short square path whose interior vertices are in R. For example. Fan and 
Kierstead [S] proved: 

Lemma 15. If 6{G) > ^\G\ then there exists a square path connecting any two disjoint 
edges. 

In the context of Theorem [2l (e/2, g)-weak reservoirs are sufficient since the degree bounds 
ensure that 5(G[-R]) > ||-R|. In [9l the authors prove connecting lemmas for strong 
reservoirs. We use a simpler argument and show that it works for special reservoirs. 
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2.2 Optimal paths 

Let ei := V1V2 and 62 := Vs-iVg be disjoint ordered edges. A square {ei,e2)-path is a square 
path of the form V1V2 ■ ■ ■ Vg-iVg- 

Definition 16. An optimal square path (or cycle, or (ei, e2)-path) is a square path (or cycle, 
or (ei, e2)-path) P such that among all square paths (or cycles, or (ei, e2)-paths) (i) P is as 
long as possible, (ii) subject to (i), P has as many 3-chords as possible, and (iii) subject to 
(i) and (ii), P has as many 4-chords as possible. 

All the work in [6], [H 13 starts with lemmas about optimal square paths. 

Lemma 17 (Fan-Kierstead [6], [7] Lemma 1). Suppose that P is a square path in a graph 
G and v G V{G — P)- If P is an (ei, e2)-optimal square path then ||f , Q\\ < '^\V{Q)\ + 1 for 
every segment Q of P. Moreover, if P is an optimal square path then ||f,-P|| < ||P| — | and 
if P is an optimal square cycle then ||t',-P|| < ||-P| + |. 

In the extremal case we will take advantage of the following fact. 

Corollary 18. Posa's Conjecture is true, if it holds for all G with \G\ divisible by 3. 

Proof. Suppose \G\ = 3k + r, where 1 < r < 2. Let G' be G with r vertices deleted. Then 

S{G')>\^{3k + r)]-r = 2k='^\G'\. 

Thus by hypothesis, G' has a hamiltonian square cycle G'. So an optimal square cycle C in G 
has length at least 3k. Suppose G is not hamiltonian in G. Then there exists x G V{G — G). 
By Lemma [T7| we have the following contradiction: 

2k + r< 6{G) < \\v,G\\ + \G\ - |C| - 1 < IG] - i|G| - | < 2fc + r- ^. 

□ 

We will also need: 

Lemma 19 (Fan-Kierstead j^. Lemma 9). Let P be an optimal square path of G. Let xy be 

an edge of G — P such that there are square paths, of at least q vertices, starting at xy and 
yx inG- P. If \P\ >2q + 2, then \\xy, P\\ < ||P| - |g + 2. 



2.3 Probability 

If X is a random variable with hypergeometric distribution (and our experiment consists of 
drawing n items from a collection of total items, m of which are good and N — m oi which 
are bad) the expected value of X is given by 

EX = J^fc . Pr(X = A:) = 5:^: . lAiy^ = 

fc=0 k=0 \n) 
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Theorem 20 (Chernoff's bound [2], [lO]). Let X be a random variable with binomial or 
hypergeometric distribution. Then the following hold: 

1. Pr{X >EX + t)< exp (- ^pifeysy) , t > 0; 

2. Pr{X <EX -t) < exp (^-^^ , t > 0; 

3. If0<7<3/2, then Pr(|X-EX| > 7EX) < 2 exp (|-^Ex) . 

3 Non-extremal case 

In this section we prove Theorem [TOl We have compromised optimahty somewhat in our 
constructions and calculations in favor of clarity of exposition. For instance, we know how 
to reduce uq by a factor of 2. That being said, we can make the reservoir lemma slightly 
simpler and we can choose "nicer" constants throughout the non-extremal case at the cost 
of a factor of 3 in rio- 

We first show that if if is a graph with no {a, /3)-extreme special sets whose minimum 
degree is almost ^\H\, then any two disjoint edges in H can be connected by a short square 
path. Let xy G E{H); we say that P{xy}Q is a square path if one of PxyQ or PyxQ is a 
square path. 

Lemma 21 (Connecting Lemma). Let 0</3<a<^, 0<e< I := 10 and suppose 
n > max{^,y}. Let H = {V,E) be a graph on n vertices with no [a, (3) -extreme special 

sets such that S{H) > (| — €)n. Let L CV such that \L\ < I. If ab, cd are any two disjoint 
ordered edges in H — L, then there is a square {ab, cd)-path P of order at most 14 for which 
V{P) C 1/\L. 

Proof. Let ab, cd be disjoint ordered edges in H — L and set A := {a,b,c,d}. Here is our 
plan. First (a) we find disjoint edges a'b',c'd' in H — L — A such that ||a6, a'6'|| = 4 = 
llcd, c'(i' II . Then, setting A' := {a',b',c',d'}, (b) we construct a square path {a'b'}Q{c'd'} 
with Q (1 H' := H \ [L U A U A') connecting the unordered edges a'b', c'd'. This will yield a 
square path ab{a'b'}Q{c'd'}cd, where the order of {a'b'} and {c'd'} is determined by Q. 
Let M CV with |M| < / + 12. We will often use the following statement: 

fi 

If 5 is a special set with \S\ > {1 - a + (3)- then \\S \ M\\ > 0. (1) 

3 

To see this, note that since S is not (a, /3)-extreme and n > S has at least |_/3^J > / + 12 
vertices with degree at least a| > / + 12. 

Consider the special set A^(a, 6) = {N{a,a,a)UN{a,a,a))nN{b). Since 5 (if) > (| — e)?T,, 
we have 

|iV(a,6)|>(l-66)->(l-a + /3)|. 
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By ([T]), there exists a'h' E E{N{a, b)\{LUA)). Likewise there is an edge c'd' E E{N{c, d) \ 
({a', 6'} U L U A)), completing the first goal (a). 

Next we show (b). Let V := V{H'). Then | V| > - / - 8. We must construct Q C H' . 
For i E [4], let Si := Si{A') = {v eV : \\v,A'\\ = i}. Then 

- Aen = 4(^ - e)n < \\A', V\\ = ^ < 4|54| + 3\S,\ + 2{n - \S,\ - \S,\), (2) 

jG[4] 

which gives 

2|S'4| + |^3| > ^n-Aen. (3) 

Case 1: 1541 > 1 + 12. Looking ahead to an application in Case 2. a, we will construct 
Q C H" := H' - A", for any fixed 4-set A". Set V" := V{H"). By the case assumption, 
there exists x G ^4 H V". If there exists u E N{x) fl (5*4 U S3) fl V" then set Q := {xu}. 
Otherwise, 1541 + 15*3 1 < |r2 + era + / + 12, since d{x) > |n — en. Thus by ([3]), and using 
a — f3 > 15. le and n > we have 

1 Ti 

\Si\ > -n - Sen - / - 12 > (1 - a + /?)-. 
3 3 

Moreover, ^4 = N{a', b', c', d') = (iV(a', b', c') U N{a', b', c')) n N{d') is special. Thus by ([I]), 
there exists an edge wt" G 6*4 fl V", and we set Q := uv. 
Case 2: |54| < / + 12. Let 

Ti := {t; G ^3 U ^4 : ||f , {a', = 2} = (iV(a', 6', c') U iV(a', 6', rf')) H N{a') and (4) 
T2 := {t; G ^3 U 54 : H^;, {c', c/'}|| = 2} = (iV(c', d', a') U iV(c', d\ b')) n iV(c'). (5) 

Then Ti and T2 are both special sets. Note that S3 is partitioned as (Ti \ 6*4) U (T2 \ 6*4) and 
Ti n T2 = 54. By ([3D and the fact that |Ti| + IT2I = \S3\ + 2|54|, we have 

|ri| + |r2| > ^n-4en. (6) 

Without loss of generality, |Ti| < IT2I, and so T2 7^ 0. Finally, note that by ([3]) and the case 
assumption we have, 

IT1UT2I = I53U54I > ^n-4en-/-12. (7) 

Case 2.a: |Ti| > / + 8. If there exists xy E E{Ti,T2) n E{H'), then set Q := xy. Otherwise, 
let X E TiH v. Then using, in order, d{x) > (| — e)n, (Q, a — (3 > 15. le and n > ^ we 
have 

r) TI TI 

- + en + / + 8 > IT2I > |Ti| > - - Sen - / - 8 > (1 - a + /?)-. (8) 

000 

By (H]) and (IHD, there exist edges a"b" E E{Ti) and c"d" E E{T2) such that A" := 
{a", 6", c", d"} is disjoint from LUAUA'. Note that A"nSi = 0, since E{Ti, T2)nE{H') = 
as mentioned above. 



8 



SetU ■.= V\{TiUT2). By ©, 



71 

|[/| =n- IT1UT2I < -+4en + / + 12. (9) 



By (IHD, for any x E A", 



2 n 

\x,U\\>-n-en-\T2\> 2en - / - 8. (10) 

3 3 



By (ED, (UnD, and n > we have < Qen + 3/ + 32 < ||f/ n V"\. Thus there 

exist more than / + 12 vertices in 6*4 (A"). Thus by Case 1, there exists a square path 
Q := {a"b"}Q'{c"d"} with |Q'| < 2. 

Case 2.b: |Ti| < / + 8. Then jTa] > |n - 4eri - / - 8 by ([6D. Let x e A^(a', 6') n V, and 
note that 5 := fl A^(x) = (A^(a', c', d') U iV(6', c', rf')) H A^(x) is a special set. Moreover by 
a — f3 > 15. le and n > ^ we have 

77 7? 
\S\ > IT2I + |iV(x)| -n>--5en-l-8>{l-a + /?)-. 

o o 

Thus by ([T]), there exists an edge yz G -^(5 fl V). Let Q := xt/^;. 

□ 

Now we prove the reservoir lemma. 

Lemma 22 (Reservoir Lemma). Let a > c > j^, a' := (1 — 3c)a, (3' := ca, e > ° , 
^? > 1 — 5/6^2e n > Uq := 2 X 10^. If H is a graph on n vertices such that 5{H) > |n 
and H contains no a-extreme sets, then H contains an (a',/3',e, g) -special reservoir. 

Proof. Let 7 := . We will show that there exists a set i? C V{H) such that |-R| = \Qn] 

which satisfies the following three properties. 

(i) For all u G V{H), - e) \R\ < \\u, R\\ < + e) \R\. 

(ii) For all special sets S C V{H), if \S\ > (1 - a' + /3>f , then \S n R\ < 1.05g\S\ and 
for all special sets S C V{H), if |S n i?| > (1 - a' + /3')pf , then |S n i?| < (1 + -f)g\S\. 

(iii) For all special sets S C \^(i/), if \S\ > (l-a'-/3')f, then there exists a set T' CSnR 
such that |T'| > and ||^, 5 n > a'^f for all ^ G T'. 

Then we will show that these three properties imply that R is an {a', /?', e, ^)-special reservoir. 

Let R C l^(if) be a set of size =: r chosen at random from all (") possibilities. 

There are five calculations that follow. In each of these calculations we will need n to be 
large, specifically rz > 2 x 10^ is large enough. 

Let u G V{H). The expected value of ||m,-R|| is ^^^^^ > gd{u). So by Theorem [201 3. we 
have 



Pr 



rd(u) 

\u,R\\ — 

n 



d{u) n J \ 3 n j \ 3d{u) J 3n 
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There are n vertices in V{H). So by applying Boole's inequality, the probability that there 
exists a vertex which does not satisfy property (i) is less than 1/3. 

Let 5* C V{H) be a special set such that IS"! > (1 — a' + /3')£'f • The expected value of 
1^ n i?| is ^ > q\S\ > (1 - a' + P')q^. So by Theorem [2011, we have 

\ogPr{\S n i?| > 1.05^) < -TT^^q L \o\ /o^ ^ ru, /o^ o < 



n'- 2{g\S\ + .05g\S\/3) - 2(1 + .05/3) 3 ^ 9n^' 

So with high probability, 

Tl 

\SnR\< 1.05g\S\ for all S C V{H) such that \S\ > (1 - a' + f3')g-. [U] 



Now let S C V{H) be a special set such that \S f] R\ > (1 - a' + (3')0^. Since l^l > n i? 
we have \S\ > (1 - a' + /3')^f and thus by ([II]), \S\ > ^ > ^^^^f • The expectec 
value of IS* fl R\ is ^ > q\S\ > g ^^""o^^ ^ f ■ Using Theorem [20l 1 again, we have 



\ogPr{\Sr\R\ > (1 + 7)^) < ^ < f^- < log- 



n'- 2(^1^1 +7^|5|/3) - 1.05(2 + 27/3) 3 ^ 3n^' 

There are at most special sets S C V{H). So by applying Boole's inequality, the proba- 
bility that there exists a set S which does not satisfy property (ii) is less than 4/9. 

Let S C V{H) be a special set such that \S\ > (1 -a'-/3')f = (1 -a + 2ca)f. Since H 
has no a-extreme sets, we see by Lemma [I3] that S is not (a, 2ca)-extreme. So there exists 
a set S" C having the property that |5"| = |_2ca|J and for all v E S', \\v,S\\ > a|. Let 
r := S' n R. We first show that with high probability, \T'\ > ^\S'\ > f (|5'| + 1) > . 
The expected value of |T'| is g\S'\ > g{2ca^ — 1). So by Theorem [201 2. we have 

,ogP.(ir| < ,|s'| - fis'i) < = < < log. 1 



2{q\S'\) 32 - 32 ^9n^' 

Next we show that, with high probability, every vertex in S' has at least (1 — 3c)f)||f , S\\ > 
a'g^ neighbors in S (1 R. Let v G 5". The expected value of ||f,T|| is 5*11 > ga^. So by 
Theorem [20l2. we have 

logPr{\\v,SnR\\ < {l-3c)g\\v,S\\) < - J^^ ' J/ = ' " < ^ — < lo^ 



2g\\v,S\\ 2 - 2 ^9n(^' 

There are at most special sets S C V{H) and at most sets defined when we examine 
the neighborhood of vertices in each special set. So by applying Boole's inequality, the 
probability that there exists a set S which does not satisfy property (iii) is less than 2/9. 

The probability that R doesn't satisfy one of the conditions is less than 1, thus there 
exists a set i? C V{H) satisfying properties (i)-(iii). 
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We now show that R is an (a', e, ^)-special reservoir. Since R satisfies property (i), R 
is a (e, g)-weak reservoir. Let 5" C V{H) be a special set such that |S'n-R| > (1 — a' + P')g^. 
By property (ii), we have + 7) > jS" fl -R| > (1 — a' + and thus 

1 + 73 6 

Then since \S\ > {1 — a' — (3')^ there is, by property (iii), a set of vertices T' C S (1 R with 
IT'I > 13' such that for all v G T', 5 H > a'g^. Thus 5 n i? is not (a', /3')-extreme 
in (^[i?]. Therefore i? is an (a', /?', e, f))-special reservoir. □ 

We now prove a lemma which allows us to cover most of the complement of the reservoir 
with at most two long square paths. 

Lemma 23 (Path Cover Lemma). Suppose e < and n > 6000. Let H be a graph on n 
vertices with S{H) > (| — e) ri. Then 

(a) H has a square path P with \P\ > (| — 3e)n. 

(b) H has two vertex disjoint square paths Pi and P2 so that |Pi| + I-P2I > (| — 2e)n. 

Proof, (a) Let P := uiU2---Up be an optimal square path in H and suppose that p < (| — 3e)n. 
We first observe that since S{H) > (| — e)n we have N{ui,U2) > (| — 2e)n and thus 
p > (i - 2e)n. Let H' := H - P and set h := \H'\. If \\v, P\\ < (| - 4e)p for all v G V{H') 
then we have S{H') > (| — e)n — (| — 4e)p > Thus by Theorem [3l H' has a hamiltonian 
square path of length more than than |n, contradicting the optimality of P. Thus there is 
a vertex x G V{H') such that \\x, P\\ > (| — 4e)p > |p + 1. It follows that x is adjacent to 
two consecutive vertices of P. Choose i G [p] as small as possible such that G N{x). 

Let Q := MiM2...Mi-i and set q := i — 1. Then QH < ^q*- We claim that g < (| — 2e)n. 
Otherwise, 

2 12 1 

P - Qll > (- - 4e)p - -g = -(p - g) + -g - 4ep 
o 2 6 D 

>^|P-Q| + ^(^-26)n-4e(i-3e)n 

2 17 

> -\P - Q\ -\ n en 

3' ^'36 3 

>^|P-Q| + 1, 

contradicting Lemma fT71 On the other hand, since \N{x,Ui)\ > (| — 2e)n = |(| — 3e)'n, > |p. 
Lemma [T71 implies x and Ui have a common neighbor y in iJ'. Also, by Lemma [T71 we have 

6{H')>{'^-e)n-{^p-^-)>h-en, 

and thus for any edge uv in |A''/f'(M, t")! > |/i — 2en > (| — 2e)n. Hence, we can find a 
square path P' of length at least (| — 2e)n starting at xy. Since |P'| > g, the square path 
P'yxUiUiJ^i...Up is longer than P, a contradiction. This completes the proof of part (a). 
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(b) Let Pi be an optimal square path in H and let p := \Pi\. Note that p > (| — 3e)n by 
Lemma I^ST a). If p > (| — 2e)n, then set P2 = and we are done. So we may assume that 
P< (|-2e)n. Set H' := H - Pi and h := \H'\ > n/6. If ||?;,Pi|| < (| -3e)p for all w G V{H') 
then S{H') > (| — e)r;, — (| — 3e)p > f/?-- Thus if' has a hamiltonian square path P2 by 
Theorem [3l and we are done. Otherwise, let x G V{H') such that ||a;, Pi|| > (| — 3e)p. Note 
that by Lemma \T7\ we have 5{H') > (| — e)n — (^p— \) > ^h — en, and thus there is a square 
path of length at least |/i — 2en starting at any ordered edge in H'. Set H" := G[Nh'{x)] 
and h' := \H"\. Note that by Lemma [T^ we have that for all y G V{H"), 

4 2 1 2 2 2 4 

\\y, Pill < - 3(3/^ - 2en) + 2 - (- - 3e)p = -p - -h + -en + 3ep + 2, 



so 

2 2 2 4 8 7 

\\y^ H'W > (3 - - (3^^ ~ 9^ ^ 3^^ ^ + ^) " 9^ ~ ~ ~ ^■ 

So every vertex in H" has at most |/i + |era + 3ep + 1 nonneighbors in H'. Therefore 
5{H") > lh-^n-{lh + len + 3ep+l)^, ^ 2^, 

since e < ^i^, n > 6000, and /i > n/6. Therefore if" has a hamiltonian square path P2. 
Thus 

l-Pil + I-P2I > J> H — h — en = n h — en > n ( — h 3e)n — en = {- — 2e)n. 

3 3 3 2 6 

□ 

Now we are ready to finish the nonextreme case. 

Proof of TheoremU^ Let a := and let G be a graph on n vertices. Suppose G has no a- 
extreme sets, n > no := 2 x 10^, and S{G) > ^n. Let c := ^, e := jH^a, and g := 1 — ■0§zi;- 
Apply Lemma [22] to obtain an {^a, j^a^e, g)-special reservoir R. Let H := G — R and let 
h := \H\. Since P is a special reservoir we have S{H) > (| — e)/i. Now we apply Lemma [23] 
to if, to get disjoint square paths Pi and P2 so that 

l^il + |^'2| > - 2e)h = (1- 2e){n - M) > + e)^ " 1 > In. 

6 6 3 3 

Since P is a special reservoir, every special set S C V{G) has the property that S* fl P is 
not {^a, ^a)-extreme in G[P]. So we apply Lemma UTl at most twice to connect the paths 
Pi and P2 through P. On the second application, we set L := ^(Pi) fl P to make sure 
that we avoid the vertices used in the first application. This gives us a square cycle G with 
\^(Pi) U V{P2) C V{G) and thus |C| > |n. Therefore G has a hamiltonian square cycle by 
Theorem [U □ 
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4 Extremal Case 



In this section we prove Theorem [9l First we need two propositions. Note that the length 
of an (ordinary) path P is the size ||P|| of its edge set. 

Proposition 24. Every connected graph H with \H\ > 3 has a path or cycle of length 
mm{26{H), \H\). 

Proof. Let P be a maximum length path in H. If we are not done, then ||P|| < 26{H). So, 
as in the proof of Dirac's Theorem [4], G has a cycle C that spans V{P). If C is hamiltonian 
then we are done; otherwise, using connectivity, we can extend C to a path longer than P, 
a contradiction. □ 

Proposition 25. IfH is a graph with circumference I > \H\—6{H), then I > min(25(/f), \H\), 
and moreover, if\H\ is also even, then H has an even cycle of length at least mm{26{H), \H\). 

Proof. Let C C if be a cycle of length /, and fix an orientation of C. If \C\ = \H\ then we 
are done, even if \H\ is even. Otherwise, let P := Vi . . .Vp he a maximum path in H — C. 
Then all neighbors of Vp are on P U C. By hypothesis 6{H) > \H\ — I > p, and so Vi has 
a neighbor x G C and Vp has a neighbor on C — x. Let y, z ^ x he neighbors of Vp on C 
with y as close as possible to x in the forward direction and z as close as possible in the 
backward direction (possibly y = z). Then ||^Ca;|| , ||xC?/|| > p + 1, as otherwise we could 
replace the interior vertices of one of these segments with P to obtain a longer cycle, which 
would yield a contradiction. Moreover, since C has maximum length, any two neighbors of 
Vp are separated by at least one vertex on C. Since Vp has at least d{vp) — p neighbors on 
C-x, 

\C\ = \\xCy\\ + \\yCz\\ + \\zCx\\ > {p + 1) + 2{d{vp) - p - 1) + (p + 1) > 26{H). 

Now suppose \H\ is even. If \C\ is even we are done, so suppose \C\ is odd. Consider 
the path P and vertices x,y,z defined above. If ||xC?/|| and ||2;Ca;|| have different parity, 
then replace xCy with xPy or replace zCx with zPx to get an even cycle of length at least 
26{H). So assume ||xC?/|| and ||2;Cx|| have the same parity, and thus |||/C2;|| is odd. Now 
Vp has k > d{vp) — p neighbors on yCz. Let y = ai,a2, ■ ■ ■ ,ak = z he the neighbors of Vp 
on yCz in their natural order. Since ||2/C2;|| is odd, some segment ajCoj+i must have odd 
length. By replacing ajCaj+i with OiVpOi+i, we get a cycle C with even length such that 
\C'\ > (p + 1) + (p + 1) + 2{d{vp) -p-l)> 25{H) as before. □ 

Proof of Theorem\^ Let G = {V, E) he a graph on n vertices with 5{G) > |n. By Corollary 
[TS] we may assume n = 3k, which gives S{G) > 2k. Set a := and suppose G has an 
a-extreme subset. Let 5 C y be an a-extreme set of minimal order, so IS"! = [(1 — a)k'\. 
Set T ■.= V\S. If A; < 1/a, then \S\ = k, \T\ = 2k, G[S,T] is complete and 5{G[T]) > k. So 
by Dirac's theorem T has a hamiltonian cycle C := yi . . .y2kyi- Since G[S,T] is complete 
we can insert the vertices Xi,X2, . . . ,Xk of 5* into C so that yi?/23^il/32/42^2 • • • y2k-iy2kXkyiy2 
is a hamiltonian square cycle. So for the rest of the proof assume k > 1/a. Choose Tq C T 
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such that \ (S" U Tq) \ is even, 2 [-y/afcj — 1 < |To| < 2 [-y/afcj, and subject to this, \\Tq, 
is as small as possible. Set Ti := T \ Tq, and note that |Ti| is even. We have. 



Vx e S, \\x,T\\ <k-{\S\ - \\x,S\\) < 2 [ak\ . 



:i2i 



Every vertex in Ti has at most as many nonneighbors in S as every vertex in Tq. Thus, using 
a = ^, and expressing k as k = 36g + r with q^r and < r < 35, we have 



VyeTi, \\y,S\\ < 



2 [ak\ \S\ 

Ll^ouMiJ 



< 



2 [aA;J (fc - [ak\) 



< 



(35g + r) 
6 



< 



[^/^k\ . (13) 



Set m := k — |To| + lak\ and note that since k > 36, 

2 2 

m > -A; + la/cl > -A; + 1. 
- 3 ^ ^ - 3 

Thus we have 



(14) 



S{G[Ti]) >2k-\SUTo\=k - \To\ + [ak\ =m>-k + l. 

3 



(15) 



Case 1: There exists an even cycle C C G[Ti] of length 21 > 2m; say C := yi ■ ■ ■ y2iyi- 
Looking ahead to an application in Case 2, we prove something slightly more general than 
what is needed for Case 1. For some t < \Ti\/2, let T[ C Ti such that \T[\ = 2t. Enu- 
merate the vertices of T[ as Zi,...,Z2t- Let P := {pi, . . . ,pt} be a set of ports, where 
Pi '■= {z2i-i, Z2i, Z2i+i, Z2i+2} and addition of indices is modulo t. We say that a vertex x G S* 
can be inserted into port pi if pi C N{x). 

Claim 26. For S' C S with \S'\ > \S\ - 4, let T be the S', P-higraph with xp E E{T) if and 
only if X can be inserted into p. Then T has a matching M := {xiPi : i G [t]} that saturates 



Proof. Using Hall's Theorem, since IS"'! > |T'i|/2 > \P\, it suffices to show that 

||x,P||r + ||S',j9||r > \P\ for all X G ^' and j9 G P. (16) 



If X G S', then ||x, T||^ < 2 lak\ by f|T2l) . Since each y G is in two ports, each nonedge 
xy contributes to two nonedges in F. So ||x,P||p < 4 \_ak\. Thus 



|x,P||r > |P| 



|a;,^|lr > 1^1 -4:ak. 



(17) 



If p G P, then \\S',y\\^ < [^/^k\ for each y ephj Thus \\S',p\\^ < 4 [^/ak\. So 



\S',p\\r > \S'\ - \\S',p\\^ > (1 - « - - - 4y/^)k. 



(1^ 



Since Ay/a + 5a + | < § < 1, summing and yields ([I6]). 



□ 
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Let S' := S and P := {pi, . . . ,pi}, where pi := {|/2i-i, y2i, Vii+u 1/2^+2} and addition of in- 
dices is modulo 21. By Claim [2^ there exist Xi, . . . , x; such that yiy2XiyzyiX2 ■ ■ ■ y2i~iy2iXiyiy2 
is a square cycle of length 3/. By (IT^ . 3/ > 3m > 2k, and so Theorem H] implies that G has 
a hamiltonian square cycle. 

Case 2: Not Case 1. Since |Ti| is even, using Proposition 125) and f lT5|) . 

1^1 < - 5iG[Ti]) < k, for every cycle D C G[Ti]. (19) 

First suppose G[Ti] is connected. By Proposition |2U there exists a path in G[Ti\ of length 
at least 2m. 

Claim 27. Let P = yi...yi be a path of maximum length in G[Ti\. If yi G N{yi) and 
yj e N{yi), then i<j. 

Proof. Suppose there exists yi G N{yi), yj G N{yi) such that i > j. With respect to this 
condition, choose y^ and yj such that i — j is minimum. If i — j — 1 < set D := 
yi . . . yjyi . . . yiyi. By (fT^ . \D\ > 2m — ^k > k, which contradicts (|T9|) . If z — j — 1 > |/c, let 
h be maximum such that yh G N{yi) and set D := 1/1I/2 • • • ynyi- Since z — j — 1 > ^/c and 
i — j is minimum, we have \D\ >h>m + i — j — l>k, which contradicts f|T9|) . □ 

Let P := yi . . . ?/; be a path of maximum length in G[Ti] and with respect to this condition, 
choose P so that j — i is minimum, where yj is the smallest indexed neighbor of yi and y^ 
the largest indexed neighbor of yi. Note that by Claim [271 j — i By ffTQ]) we have, 

iV(2/i) C {2/2, ..-Vk} and iV(y^) c {y^.^+i, . . . , yi_,}. (20) 

Set 

^ := {yi, yi-i}, B := {yi, yj}, G := {yj+i, yi}. 
Without loss of generality we may suppose \A\ > \G\ and thus we have 

m < 6{G[Ti]) < \G\ <\A\<k (21) 

and \B\ = j — i + 1 < I — 2m. 
Next we show that 

P,C||=0. (22) 

Suppose a < i < j < b and yayt G E. Choose ya' G N{yi) and y^r G N{yi) such that a < a' < 
i ^ j ^ b' < b and both a'— a and b—b' are minimal. Now D := yiPyaybPyWb' Pya'yi is a cycle 
having the property that iV(i/i)UiV(i/i) C V{D) and thus \D\ > \N{yi)UN{yi) \ > 2m-l > k, 
contradicting (fT9|) . 

Set A' := {yh e A : yn+i G N{vi)} and G' := {yn e G : yh^i G N{yi)}. Note that 
\A'\ > m and |C"| > m. We claim that the vertices in A' U C" are good in the sense that 

Va G A', iV(a) n (Ti \ (A U {1/^})) = and Vc G C", N{c) f] (Ti \ (C U {z/^})) = 0. (23) 

Without loss of generality, suppose some yh G A' has a neighbor ?/' G Ti \ (A U {^/i}). If 
^ V{P), then y'y/i . . . yiyh+i ... is longer than P which is a contradiction. Otherwise, by 
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(122|) . y' G B. However, yn - ■ ■ ViVh+i ■ ■ - Vi is a path for which j — i is smaller, contradicting 
the minimality of j — i. 

Now suppose G[Ti] is not connected. Since (5(G[Ti]) > m and |Ti| < 3m, G[Ti] has 
exactly two components. Call these components A and C, then set A' := A and C := C. 
Without loss of generality, suppose |y4| > \C\. Since 5{G[Ti]) > m, we have m + 1 < \C\ 
which implies \A\ < k, by ffl^ and the fact that |Ti| = 2k + [ak\ — \Tq\. So regardless of 
whether G[Ti] is connected or not, all of the following hold: (^T^, (122]) . f l2^ . and 

Va e A', \\a,A\\ < \A\ - m and Vc G C", ||c,C|| < \C\ - m. (24) 

For F G {A, C}, let F' = A' if F = A and let Y' = C' iiY = G. 

Claim 28. For all v e V \ {A U G), there exists Y G {A,G} such that for all y G Y' , 
\{N{v)nN{y))nY\ > 3. 

Proof. For all v e V \ {AU G), we have 

\\v,AuG\\ > 2k-{\V\ - {\A\ + |C|)) = \A\ + \G\-k. (25) 

Suppose there exists v e V \ {AU G) and c e G' such that \{N{v) fl iV(c)) n C| < 2. This 
implies that \\v, G\\ < |C| - m + 2 by ([M]). So we have 

\\v,A\\ > \A\ + \G\ -k-{\G\ -m + 2) = \A\+m-k-2. 

Let a G A', then by (HI), 

\{N{v) n iV(a)) n A| > (|A| + m - k - 2) + m - \ A\ = 2m - k - 2 > -k > 3. 

3 

□ 

Claim 29. There exist two disjoint square P^'s connecting edges of A to edges of G . 

Proof. Set s := [■'^J and t := [-^J . Choose nonadjacent vertices x,x' E S and a2s, Ci G N(x) 
with G A' and Ci G C". Since a2s and Ci are nonadjacent they have at least k + 1 common 
neighbors distinct from x, and these common neighbors are not in AU G. One of them v 
must also be adjacent to x. By Claim [251 there exists, without loss of generality, a2s-i G A 
such that a2s,v G N{a2s-i)- Since x E S, there exists C2 G C such that x,Ci G A^(c2). Thus 
Q := a2s-ia2sUXCiC2 is a square P^ connecting a2s-iO'2.s to C1C2. Similarly, we can choose 
ai,C2t E N{x') with ai G A' — a2s-i — cl2s and C2t G C" — Ci — C2. Since ai and C2t are 
nonadjacent, there exist k common neighbors of ai and C2t that are distinct from x' and f . 
One of them v' is adjacent to x', and 7^ x by the choice of x, x'. Moreover, v' ^ AU G. So 
as above, we can choose 02 G A and C2t~i G C so that Q' := C2t^iC2t{v'x'}aia2, Q Cl Q' = ^ 
and Q' is a square connecting C2t-iC2t to 0102 (note that we cannot specify the order of 
v' and x'). □ 



16 



Finally we claim that there exist paths 

R ■= aia2 . . . a2s-ia2s C G[A] and R' := C1C2 . . . C2t-iC2t ^ G[C], 

such that \R\ = 2s and \R'\ = 2t. If \A\ = m, then A = A' and thus G[A] is complete by 
(12^ . Otherwise \A\ > m + 1 and thus by fll4p we have 

^^ + 1<^I^I- (26) 

By (122]) and (EHD, we have 

>2k- {\V\ - i\A\ + |C|)) = \A\ + |C| - A; > |A| + 2 - + 1) > + 2. 

Thus for all a, a', a" G A, 

G[A \ {a, a', a"}] is hamiltonian connected, 

since S{G[A \ {a, a', a"}]) > - 1 > - 3). If \A\ = 2s, then we use the fact 

that G[A \ {ai,a2s}] is hamiltonian connected to get R. If \A\ = 2s + 1 we let a' G A \ 
{ai, a2, a2s-i, CL2s} , and we use the fact that G[A \ {ai,a2s,a'}] is hamiltonian connected to 
get R. Since \A\ > \C\, the same argument gives us R' in G[C]. 

So by Claim [291 D := RQR'Q' is an even cycle of length 2s + 2t + 4 > 2m + 2 (note 
that D 2 G[Ti]). Recall that V{D) nS C {x,v,x',v'} and set S' := S \ D. As in Case 
1, let P := {pi, . . . ,Ps,p'i, ...,p't} he a set of ports, where pi := {a2i_i, a2i, a2i+i, 02^+2} for 
1 < z < s — 1 and p'^ := {c2j_i, C2j, C2j+i, £2^+2} for 1 < j < t — 1. By Claim [261 there exist 

• • • , 3j g \, • • • 5 ^£ 1 such that 

0102X10304X2 . . . Xs_i02s-ia2s'i^a;CiC2x'iC3C4X2 . . . Xj_iC2t_lC2t{t'V}Oi02 

is a square cycle of length at least 2s + 2t + 4 + s — 1 + t — 1 > 3m — 1 > 2k. Thus by 
Theorem [H G has a hamiltonian square cycle. 

□ 



5 Conclusion 

We have established a concrete threshold no := 2 x 10*^ such that Posa's Conjecture holds 
for all graphs of order at least no, using methods essentially from prior to 1996. It seems in 
retrospect, that we were blinded by the brilliance of the Regularity-Blow-up method, and 
missed that the crucial idea of [12] was just to divide the problem into extremal and non- 
extremal cases. However Posa's Conjecture remains open. We suspect that our probabilistic 
methods cannot be used to obtain an improvement of more than a factor of 1000. On the 
other hand we believe that ordinary graph theoretic methods have not yet been exhausted. 

We have also developed the method of special reservoirs, for removing regularity from 
certain arguments. We believe that this could be used on other problems. The paper [9] was 
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written with the goal of developing methods for a more general set of problems. In particular 
they used an absorbing path lemma which contributes to a much larger value of Uq. However 
other problems do not (yet) have an analog of Theorem HJ while the absorbing technique is 
quite adaptable. Here are some other possible candidates for applying these new techniques, 
the first of which was discussed in [9j. 

Conjecture 30 (Seymour [H]). For all positive integers k, every graph G with S{G) > 
j^\G\ contains the k^^'' power of a hamiltonian cycle. 

Komlos, Sarkozy and Szemeredi [T^ [T^ used the Regularity and Blow-up Lemmas to 
prove that there exists a function n{k) such that Seymour's Conjecture holds for all k and 
graphs of order at least n{k). 

Chau also used the Regularity and Blow-up Lemmas to prove the following Ore-type 
version of Posa's Conjecture for graphs of large order. 

Theorem 31 (Chau [T]). Let G be a graph on n vertices such that d{x) + d{y) > — | for 
all xy ^ E{G). 

(a) If 5{G) = }:n + 2 or 5{G) = |n -|- |, then G contains a hamiltonian square path. 

(b) If 5{G) > 3?i-|-2, then for sufficiently large n, G contains a hamiltonian square cycle. 

For a directed graph G, the minimum semi-degree of G, denoted 6^{G), is the minimum 
of the minimum in-degree S~{G) and the minimum out-degree S~^{G). An oriented graph is 
a directed graph with no 2-cycles. Keevash, Kiihn, and Osthus proved the following oriented 
version of Dirac's theorem using the Regularity-Blow-up method (with a directed version of 
the Regularity Lemma). 

Theorem 32 (Keevash, Kiihn, Osthus [H]). Let G be an oriented graph on n vertices. If 
5^{G) > -^^^ and n is sufficiently large, then G contains a hamiltonian cycle. 

Finally Treglown conjectured the following oriented version of Posa's conjecture. 

Conjecture 33 (Treglown |20]). Let G be an oriented graph on n vertices. If 5^{G) > 
then G contains a the square of a hamiltonian cycle. 
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